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ON THE IDEMPOTENTS OF Zm
ABOLFAZL TARIZADEH
Abstract. In this note, the Chinese Remainder Theorem is proved
by a simple and constructive method. This proof gives us a formula
to compute all of the idempotents of an Artinian ring, specially
Z/mZ, in an explicit way.
1. Introduction
The purpose of this paper is to give an explicit formula to calculate
all of the idempotents of a finite ring or more generally an Artinian
ring. It is worthy to mention that the set of idempotents I(R) = {f ∈
R : f 2 = f} of a commutative R with the binary operations f ∧g = fg
and f ∨g = f+g−fg and unary operation f c = 1−f forms a Boolean
algebra. Also the map f  D(f) = {p ∈ SpecR : f /∈ p} is a bijec-
tion between I(R) and the set of Zariski clopen (both open and closed)
subsets of SpecR, see [1, Tag 00EE]. The idempotents are also very
important in non-commutative situations. In this case, idempotents
are tied with decompositions of modules (specially peirced decomposi-
tion), as well as to homological properties of the ring.
In this note, the Chinese Remainder Theorem is proved by a short
and constructive method, see e.g. [1, Tag 00DT] for another proof.
This proof enables us to calculate explicitly all of the idempotents of
an Artinian ring. In particular, all of the idempotents of Zm = Z/mZ,
the ring of integers modulo m, is easily computed. In the literature,
as far as the author knows, there is not a general method to compute
explicitly the idempotents of a finite ring even for Zm.
2. Main results
Theorem 2.1. Let I1, ..., In be a finitely many ideals of a commutative
ring R such that Ii + Ij = R whenever i 6= j. Then the canonical
morphism π : R→ R/I1 × ...× R/In given by f  (f + I1, ..., f + In)
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is surjective and whose kernel is
n∏
i=1
Ii.
Proof. Clearly for each k, Ik+
n⋂
i=1,
i 6=k
Ii = R. Thus there exist elements
gk ∈ Ik and hk ∈
n⋂
i=1,
i 6=k
Ii such that 1 = gk+hk. If (f1, ..., fn) is an n−tuple
of elements of R then for each k, f − fk = f − fkgk− fkhk =
n∑
i=1,
i 6=k
fihi−
fkgk ∈ Ik where f =
n∑
i=1
fihi. Therefore π(f) = (f1 + I1, ..., fn + In).
Also Kerπ =
n⋂
i=1
Ii =
n∏
i=1
Ii. 
Corollary 2.2. Let m = pc1
1
...pcnn be a prime factorization of an integer
m with ci ≥ 1 and pi are distinct prime numbers. Then the ring Z/mZ
has 2n idempotents and they are precisely of the form
n∑
k=1
hkǫk + mZ
where ǫk ∈ {0, 1} and hk ∈ (
n∏
i=1,
i 6=k
pcii )Z such that hk − 1 ∈ p
ck
k Z. 
Proof. By the above Theorem, the map ϕ : Z/mZ→ Z/pc1
1
Z× ...×
Z/pcnn given by f  (f + p
c1
1
Z, ..., f + pcnn Z) is an isomorphism. If p is
a prime number and c ≥ 1 then Z/pcZ is a local ring. Every local ring
has no nontrivial idempotents. Thus Z/nZ has exactly 2n idempotents
and each one is precisely the preimage of some (ǫ1+ p
c1
1
Z, ..., ǫ1+ p
cn
n Z)
under ϕ where ǫk ∈ {0, 1}. Hence, f + nZ is an idempotent of Z/nZ
if and only if f =
n∑
k=1
hkǫk where ǫk ∈ {0, 1} and hk ∈ (
n∏
i=1,
i 6=k
pcii )Z such
that hk − 1 ∈ p
ck
k Z. 
Recall that if R is an Artinian ring then every prime ideal of R is
maximal and it has a finitely many maximal ideals. Also the Jacobson
radical of R is nilpotent. We call the least natural number N the Ja-
cobson nilpotency of R if JN = 0 where J is the Jacobson radical of R.
The following result can be viewed as a generalization of Corollary
2.2.
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Corollary 2.3. Let R be an Artinian ring, {m1, ...,mn} the maximal
ideals of R and N the Jacobson nilpotency of R. Then f is an idempo-
tent of R if and only if f =
n∑
i=1
hkǫk where ǫk ∈ {0, 1} and hk ∈
n∏
i=1,
i 6=k
mNi
such that hk − 1 ∈ m
N
k . In particular, R has 2
n idempotents.
Proof. By the above Theorem, the map π : R→ R/mN
1
×...×R/mNn
given by f  (f +mN
1
, ..., f +mNn ) is an isomorphism of rings. If m is
a maximal ideal of a ring R and N ≥ 1 a natural number then R/mN
is a local ring. Every local ring has no nontrivial idempotents. Thus,
by the proof of above Theorem, f is an idempotent of R if and only if
f =
n∑
k=1
hkǫk where ǫk ∈ {0, 1} and hk ∈
n∏
i=1,
i 6=k
mNi such that hk−1 ∈ m
N
k .

Example 2.4. Here we shall look into some specific examples. If m =
858 thenm = 2×3×11×13 and the idempotents of Z858 are precisely of
the form 429ǫ1+286ǫ2+78ǫ3+66ǫ4+858Z with ǫk ∈ {0, 1}. Therefore
f + 858Z is an idempotent of Z858 if and only if
f ∈ {0, 1, 66, 78, 144, 286, 352, 364, 429, 430, 495, 507, 573, 715, 781, 793}.
As another example, let m = 765. Then m = 32×5×17 and the idem-
potents of Z765 are precisely of the form 306ǫ1 − 170ǫ2 − 135ǫ3 + 765Z
with ǫk ∈ {0, 1}. Therefore f + 765Z is an idempotent of Z765 if and
only if f ∈ {0, 1, 136, 171, 306, 460, 595, 630}. The above approach is
also applicable to solve some congruence equations. For instance, as-
sume that two n−tuples (f1, ..., fn) and (p
c1
1
, ..., pcnn ) of integers are given
where ck ≥ 1 and pk are distinct prime numbers. Then the problem
is to find all of the integers x such that x − fk ∈ p
ck
k Z for all k. By
the above, x =
n∑
i=1
fihi is a solution for this system of equations where
hk ∈ (
n∏
i=1,
i 6=k
pcii )Z such that hk − 1 ∈ p
ck
k Z. The set
n∑
i=1
fihi +mZ gives us
all of the such solutions where m = pc1
1
...pcnn .
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